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Abstract
We describe a simple method for generating new string solutions for which the brane
worldvolume is a curved space. As a starting point we use solutions with NS-NS charges
combined with 2-d CFT’s representing different parts of space-time. We illustrate our
method with many examples, some of which are associated with conformally invariant
sigma models. Using U-duality, we also obtain supergravity solutions with RR charges
which can be interpreted as D-branes with non-trivial worldvolume geometry. In particular,
we discuss the case of a D5-brane wrapped on AdS3×S3, a solution interpolating between
AdS3 × S3 × R5 and AdS3 × S3 × S3 × R, and a D3-brane wrapped over S3 × R or
AdS2 × S2. Another class of solutions we discuss involves NS5-branes intersecting over a
3-space and NS5-branes intersecting over a line. These solutions are similar to D7-brane
or cosmic string backgrounds.
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1. Introduction
Branes whose worldvolumes are curved spaces have widespread applications in string
theory, M-theory and in studies of four- and five-dimensional black holes. In particular,
they have been used to identify the non-perturbative states of strings in lower dimensions
in various compactifications. However, in most cases the branes wrapped over curved
spaces were treated as probes and their back reaction on spacetime geometry was ignored.
This is a consistent procedure for D-branes which are wrapped on various homology cycles
at small string coupling but in general this is not the case. Another application of branes
with curved worldvolume, or ‘curved branes’ for short, is in scenarios where the 3 + 1
dimensional universe is regarded as a brane moving in a higher dimensional space-time.
In particular, in some models one can introduce gravity localized on the brane and study
gravitational collapse. Cosmological models have also been investigated in this context.
Our aim is to provide a systematic method to construct such solutions. For this
we begin with configurations that have NS-NS charges only. The advantage of starting
with NS-NS configurations is that the conformal invariance of the associated sigma models
can be used to check the consistency of the backgrounds in string theory. In this way
we construct a large number of configurations that can be interpreted as curved branes.
We find that many of these curved brane configurations are limits of intersecting brane
configurations possibly superposed with plane waves and KK-monopoles. The curved
brane configurations can thus be constructed from the ‘elementary’ solutions of the NS-NS
sector which are associated with conformally invariant sigma models. These include the
following:
(a) The plane wave [1].
(b) The fundamental string (T-dual to plane wave) [2,3] .
(c) The NS5-brane [4] associated with a generic harmonic function.
(d) The KK-monopole [5] (or ‘KK 5-brane’ T-dual to the NS5-brane) and many other
hyper-Ka¨hler metrics in four and eight dimensions.
The exactness of most of the above solutions in string theory is based on the ultra-
violet finiteness of (4,q)-supersymmetric two-dimensional sigma models [6,7]. There is an
associated ‘smeared’ solution for many of the above configurations. This mostly applies
to plane wave, fundamental string, NS5-brane and KK-monopole all preserving 1/2 of the
maximal spacetime supersymmetry. The ‘smearing’ is achieved by choosing the harmonic
functions for these solutions to be invariant under some translational isometries, i.e. to
be harmonic in a subspace of the transverse space of the original solution. The smeared
solutions share the conformal invariant properties of the generic solutions.
The above ‘elementary’ solutions can be directly superposed to construct other solu-
tions which preserve various fractions of spacetime supersymmetry. All these solutions are
associated to intersecting M-brane configurations [8,9]. This can be achieved in various
ways, using, for example the harmonic function rule of [9] or the calibration methods of
1
[10]. The simplest solutions of that type are branes localized in all common transverse
dimensions, but, in general, one can localize the brane of a lower dimension in the one of
a higher dimension (the lower-dimensional brane satisfies the Laplace equation in curved
geometry of the higher-dimensional brane [11]). Some of the combinations that are known
to be conformal to all orders in α′ are the following:
(a) The fundamental string superposed with a plane wave [3].
(b) The fundamental string/NS5-brane system, the NS5-brane superposed with a
plane wave [12,11] and various T-dual configurations which include the fundamental
string/KK-monopole and the KK-monopole superposed with a plane wave.
(c) The direct sum of two NS5-branes [13] and the intersection of two NS5-branes on
a line.
(d) Intersecting NS5-branes at Sp(2)-angles on a line and toric hyper-Ka¨hler metrics
in eight dimensions [14,15].
These are mostly the solutions that preserve 1/4 of the spacetime supersymmetries,
apart from the last case which consists of solutions that preserve at least a fraction 3/32.
An alternative way to constructing solutions, which leads to a broader class of solu-
tions, can be obtained by “curving” the transverse space of a plane wave or a fundamental
string by putting there any CFT with correct central charge and solving the corresponding
curved space Laplace equations for harmonic functions. This general point of view and
examples are already discussed in [3,11]. In the case of the NS5-brane, one can also curve
the six worldvolume directions of the NS 5-brane or those of the KK monopole by putting
there any CFT with the required central charge. For example, this can be achieved using
a WZW model (possibly with a linear dilaton to preserve the value 6 of the central charge
of the internal space), or a plane wave or a fundamental string localized on the NS5-brane,
or, to leading order in α′, any Ricci-flat space of dimension 1+5.
From the above solutions of the NS-NS sector one can easily find, using S- and T-
dualities, many others which have RR charges. This is in parallel to the construction of the
D5+D1 solution which was found [16] by applying S-duality to the previously knownNS5+
NS1 configuration [11]. In particular, this will lead to new curved D-brane solutions in ten
dimensions. The eleven-dimensional counterpart of such solutions will be generalizations
of M2 and M5 solutions having curved internal and/or external parts.
To summarize, the key advantage of the approach based on starting with an NS-NS
solution is that one does not need to solve the supergravity equations directly. In fact, one
can use simple CFT composition rules in NS-NS sector and then apply T- and S- dualities.
In addition, the supersymmetry of some of the resulting solutions is easy to show in the
sigma model framework.
Applying this method, we will find new solutions that include D-branes wrapped over
a group space or a coset space. For example, we will show that there is a curved D5-brane
solution with worldvolume AdS3 × S3 (with an extra RR 2-form background). Another
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example is a curved D3-brane with the world-volume being the Nappi-Witten [17] space
or the 4-d null coset of [18]. In addition, we will find a Euclidean curved D3-brane with
worldvolume R × S3 and with linear dilaton.
We shall also consider smeared NS5-branes, NS5-brane intersections on 3-dimensional
space or on a line and a similar intersection with one NS5-brane replaced by a KK-
monopole. Many of these solutions are determined by harmonic functions on a two-
dimensional transverse space. Apart from the smeared NS5-branes, such solutions and
their U-duals are solutions to the leading-order in α′ and they can be obtained from known
M5-brane intersecting solutions [8,9,19] by dimensionally reducing to type IIA D=10 the-
ory along an overall transverse direction.1 Such solutions will be shown to admit a certain
complex structure, and they are similar to the cosmic string solution of [21]. Consequently,
their overall transverse directions can be curved using the freedom of choosing the harmonic
functions in two dimensions. The D7+D3 bound state is U-dual to the intersecting NS5-
brane configuration on a 3-dimensional space. A question that remains open is whether
the D7+D3 bound state is an exact string solution.
2. Brane solutions with curved internal and transverse space
2.1. The ansatz
From the NS-NS sector branes, the fundamental string and plane wave are the natural
starting points for constructing solutions with curved transverse space, while the NS5-
brane and the KK monopole are more appropriate for finding brane solutions with curved
worldvolume. To describe the configuration that describes both possibilities in the NS-NS
sector, we consider an eight-dimensional manifold M with metric dsˆ2, dilaton φˆ and closed
three-form Hˆ. Then we write the ansatz [11]
ds2 = 2g−11 du(dv +A+ g2du) + dsˆ
2 , (2.1)
H = du ∧ dv ∧ dg−11 + du ∧ d(g−11 A) + Hˆ ,
e2φ = g−11 e
2φˆ ,
where g1 and g2 are functions on M associated with the fundamental string and the plane
wave, respectively, A is a (locally) defined one-form on M associated with a rotation of
the string. In this ansatz, the NS5-brane solution and possible NS5-brane intersections or
1 The multiple NS5-brane configuration intersecting over a 3-dimensional space can also be
obtained, by smearing and U-duality, from a combination of a fundamental string and a plane
wave [20]. However, although the latter defines a conformal sigma model, the U-dual configurations
may receive higher order α′-corrections.
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any other NS-NS background that allows a fundamental string superposition are described
by the geometry of M . To find the string backgrounds described by this ansatz, we
either substitute (2.1) into the supergravity field equations or use the conformal invariance
of sigma models to investigate the consistency of the propagation of a string probe. The
former coincides with the leading order approximation in α′ of the latter. The supergravity
Killing spinor equations for (2.1) were investigated in [22] and many new supersymmetric
solutions were given.
The dynamics of a string probe in the NS-NS background (2.1) is described by a
two-dimensional sigma model with Lagrangian
L10 = g
−1
1 [∂u∂¯v +Aa∂u∂¯x
a + g2∂u∂¯u] + γab∂x
a∂¯xb (2.2)
+ Bˆab∂x
a∂¯xb +R(−1
2
log g1 + φˆ) ,
where R=α′R(2). The vanishing of the beta-functions in the leading order in α′ gives
∂a(
√
γe−2φˆγab∂bg1) = 0 , ∂a(
√
γe−2φˆγab∂bg2) = 0 , (2.3)
∂b(
√
γe−2φˆF ba)− 1
2
√
γe−2φˆHˆbcaFbc = 0 ,
Rˆab − 1
4
HˆaceHˆb
ce + 2∇a∂bφˆ = 0 , ∂a(√γe−2φˆHˆabc) = 0 ,
where
Fab = 2∂[aAb] , dsˆ
2 = γabdx
adxb .
These are precisely the field equations of the common sector of supergravity theories
adapted to the ansatz.
2.2. Conformal curved branes
Some of the solutions described by the ansatz above are exact to all orders in α′. To
give some examples, we begin with the NS5-brane background for which the associated
sigma model is [4] (µ = 0, 1, ..., 5; m,n = 1, ..., 4)
L10 = L
(0)
6 (x) + L4(y) = ∂x
µ∂¯xµ + (H5δmn +Bmn)(y)∂y
m∂¯yn +Rφ(y) , (2.4)
e2φ = H5(y) = 1 +
P
y2
, dB = ∗dH5 .
This is a conformal model because the interacting part L4 admits (4,4) two-dimensional
supersymmetry [6]. The same applies to many parallel NS5-branes for which H5 is a
generic harmonic function on R
4
.
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Next, we can replace the 6-dimensional flat Minkowski worldvolume directions of the
NS5-brane with any conformal sigma model with the same central charge. It is clear that
the new sigma model will be again conformal. Some examples are:
(1) A plane wave propagating in the NS5-brane world-volume (i = 1, 2, 3, 4)
L6 = ∂u∂¯v + g2(u, x)du
2 + Ai(u, x)∂u∂¯x
i + ∂xi∂¯xi , (2.5)
where g2 is a harmonic function, e.g., g2 = K = 1 +
Q
x2 . With this choice of g2 the
plane wave is localized on the worldvolume of NS5-brane but it is not localized along its
transverse directions.
(2) A WZW model with central charge c = 6. In particular, one can take the La-
grangian L6 to be that of SL(2,R) × SU(2) WZW model which in supersymmetric case
has the same c as the free six dimensional theory. Other examples include theR
1,2×SU(2)
WZW model with linear dilaton in a spatial direction or some (super)cosets.
(3) The Nappi-Witten [17] WZW model supplemented with a free CFT of two scalars.
(4) In general, L6 is allowed to depend on the transverse coordinates of NS5-brane.
For example, the function g1 in (2.1) associated with the fundamental string is allowed to
depend on worldvolume x and transverse y coordinates [11]. In particular, we get
L10 = g
−1
1 (x, y)∂u∂¯v + ∂x
i∂¯xi + (H5δmn +Bmn)(y)∂y
m∂¯yn +Rφ , (2.6)
e2φ = H5(y)g
−1
1 (x, y) ,
where H1 = g1 satisfies
[∂2y +H5(y)∂
2
x]H1(x, y) = 0 . (2.7)
There are many solutions to this equation. One is that of a string smeared over the
NS5-brane but localised in transverse directions,
g1 = H1 = 1 +
Q
y2
,
which is the standard case, and another is of a string localised on NS5-brane but smeared
in all of the transverse directions,
g1 = H1 = 1 +
Q
x2
.
This latter case is T-dual to ‘wave on the NS5-brane’ example mentioned above.
(5) Another choice is a magnetic field on the brane, based on the CFT investigated
in [23]. It is a solvable 2-d theory defined by the Lagrangian (i = 0, 1, 2)
L6 = ∂ρ∂¯ρ+ F (ρ)ρ
2
[
∂ϕ+ (b1 + b2)∂y
][
∂¯ϕ+ (b1 − b2)∂¯y
]
5
+ ∂y∂¯y + ∂xi∂¯xi +
1
2
R logF , (2.8)
where
F =
1
1 + b22ρ
2
.
Here b1, b2 are constants, y is a periodic coordinate of radius R, and ρ, ϕ are polar coordi-
nates. The model describes a magnetic flux tube in a Melvin-type geometry. The curvature
of the geometry is caused by the magnetic field energy density. There are two magnetic
fields, corresponding to the U(1)×U(1) gauge fields associated to the components gyϕ and
Byϕ. The flux lines are confined to a radius ρ ∼ 1/b2 and ρ ∼ 1/b1, respectively. Although
there is no residual supersymmetry, the sigma model is conformal to all orders in α′.
(6) A NS5-brane placed on the worldvolume of the original NS5-brane. The most
general solution of this type is the one constructed in [15,10] with the interpretation of
NS5-branes intersecting on a line at Sp(2) angles. The corresponding 2-d sigma model
has at least (4,0) supersymmetry, depending on the choice of rotational parameters, and
therefore is finite to all orders in α′. However, it may still receive α′ corrections produced
by finite counterterms which one needs to add to ensure cancellation of sigma model and
supersymmetry anomalies [7]. In the special case of real rotational parameters, the sigma
model supersymmetry is (4,4) and the background does not receive α′ corrections.
The above list can be enlarged by solutions which solve the supergravity equations
only to leading α′ order. In particular, one can take any Ricci-flat 1+5 dimensional space,
i.e.
L6 = gµν(x)∂x
µ∂¯xν , Rgµν = 0 .
Solutions of that type were discussed in [24,25,26,27]. A particular class of them contains
various four-dimensional hyper-Ka¨hler metrics supplemented with the two-dimensional
Minkowski space. Such backgrounds are exact CFT’s.
2.3. Conformal branes with curved transverse space
In order to find brane solutions with curved transverse space, it is convenient to begin
with the fundamental string solution
L10 = g
−1
1 (x)∂u∂¯v − 12R ln g1 + L
(0)
8 (x) , L
(0)
8 = ∂y
a∂¯ya . (2.9)
Then we can substitute the flat transverse directions with some CFT. For example, the
SU(2) WZW model with linear dilaton, or NS5-brane and others. The explicit expression
for g1 is then found to the leading order in α
′ by solving the field equations (2.3) which in
this case reduce to
∂a
(√
γγabe−2φˆ∂b
)
g1 = 0 .
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Some explicit examples involving WZW-type backgrounds were discussed [3]. To the lead-
ing order in α′, the transverse part can be replaced by any Ricci flat metric, leading to the
following background
ds2 = g−11 (y)(−dt2 + dx2) + γab(y)dyadyb ,
Btx = g
−1
1 , e
−2φ = g1 ,
Rγab = 0 , ∂a(γ
ab√γ∂b)g1(y) = 0 .
(2.10)
Another class of solutions can be obtained to the leading order in α′ by taking the transverse
space to be the configuration of NS5-branes intersecting at Sp(2) angles on a line [15]. To
the same order, such solutions can be superposed with a plane wave and rotation giving
an even larger class of backgrounds [22].
2.4. Brane solutions generated by U-dualities
Using T- and S-dualities we can construct configurations with both NS-NS and R-R
charges from the solutions of the previous sections which have only NS-NS charges. This
method is well known and we shall not present an exhaustive catalogue of all possibilities.
Instead, we shall present a few examples. Applying S-duality transformation to the model
(2.4) with the longitudinal part given by any of the models L6 in section (2.1), one obtains
a curved D5-brane solution. For example, if we choose the wave model (2.5), we find
a solution describing a D5-brane with a wave localized on it. Other similar D-brane
solutions can be constructed by applying T-duality. For example, if we assume that g2 = K
depends only on u and xa = (x1, x2) but not on zk = (x3, x4) (i.e. it describes a wave in
four dimensions smeared in the other two), thgn T-duality along x3, x4 gives a D3-brane
solution with a wave localized on it (with the whole configuration smeared in the two zk
directions). The metric is given by
ds210 = H
−1/2
5 (y)[dudv +K(u, x)du
2 + dxadxa] +H
1/2
5 (y)[dz
kdzk + dyndyn] .
Similarly, S-duality applied to the solution (2.6) gives a D5 brane with D1 localized on it,
i.e.
ds210 = H
−1/2
5 (y)[H
−1
1 (x)dudv + dx
sdxs] +H
1/2
5 (y)dy
ndyn .
A p1 brane within a p-brane, with p1 < p, can also be constructed by U-dualities. The
solutions for these composite branes have the following generic form
ds2 = H−1/2p (r)
[
H−1/2p1 (r˜)(−dt2 + dx21 + ...+ dx2p1) +H1/2p1 (r˜)
(
dr˜2 + r˜2dΩ2p−p1−1
)]
+ H1/2p1 (r˜)H
1/2
p (r)
(
dr2 + r2dΩ28−p
)
, (2.11)
e−2(φ−φ∞) = H(p−3)/2p (r)H
(p1−3)/2
p1 (r˜) , Hp(r) = 1 +
cp
r7−p
, (2.12)
7
F8−p = Q Ω8−p , Fp−p1−1 = ∗ Ω˜p−p1−1 . (2.13)
This solution is valid for p− p1 = 4, p1 < 3.
One can also construct curved Dp-brane solutions of the form
ds2 = H−1/2p (y)gµν(x)dx
µdxν +H1/2p (y)hmn(y)dy
mdyn (2.14)
where Hp(y) is an harmonic function in the curved space ds
2
9−p = hmn(y)dy
mdyn, which
is transverse to the brane, and gµν(x), hmn(y) are Ricci-flat metrics,
Rgµν(x) = 0 , R
h
mn(y) = 0 . (2.15)
Analogous solutions can be constructed in eleven-dimensional supergravity. In particular,
the following background represents a curved M5-brane:
ds211 = H
−1/3(r) gµν(x)dx
µdxν +H2/3(r)
(
dr2 + r2dΩ24
)
, (2.16)
dC3 = 6QΩ4 , H(r) = 1 +
Q
r3
, Rgµν = 0 .
When the metric (2.16) has translational isometry, this background can be connected to the
previous backgrounds upon dimensional reduction and suitable U-duality transformations.
We would like to emphasize, however, that the cases with Ricci flat longitudinal and/or
transverse spaces are just a small subclass of more general backgrounds. These more
general configurations describe various interesting cases which include branes on group
spaces, brane black holes and cosmological models with non-constant dilaton.
3. Some particular cases
3.1. D5-brane wrapped on AdS3 × S3
One example is D5-brane wrapped on AdS3×S3. This solution can be obtained by an
S-duality transformation applied to the NS5-brane model described in the previous section,
with worldvolume L6 given by the SL(2,R)× SU(2) WZW model.
An alternative derivation, which is also useful for further generalizations, can be given
by starting with the system 1NS+5NS+5
′
NS, with metric, 2-form and dilaton given by [28]
ds2 = g−11 (x, y)
(− dt2 + dz2)+H5(x)dxndxn +H ′5(y)dymdym , (3.1)
dB = dg−11 ∧ dt ∧ dz + ∗dH5 + ∗dH ′5 , (3.2)
e2φ =
H5(x)H5(y)
g1(x, y)
,
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where
[H ′5(y)∂
2
x +H5(x)∂
2
y ]g1(x, y) = 0 . (3.3)
A particular solution is
g1(x, y) = H1(x)H
′
1(y) (3.4)
with
H1 = 1 +
R21
x2
, H5 = 1 +
R25
x2
, H ′1 = 1 +
R′1
2
y2
, H ′5 = 1 +
R′5
2
y2
. (3.5)
which corresponds to the “dyonic string” generalization [29] of the 5NS + 5NS solution
of [13]. Different choices of the harmonic functions give a number of interesting models;
related solutions have been discussed in [14,30,31,32,22].
To continue, let us further choose H ′1 = 1, in which case the solution is just a direct
product of NS1+NS5 configuration and another NS5-brane. Then we use the fact that
the near-horizon limit of the NS1+NS5 configuration is simply the SL(2)× SU(2) WZW
theory [11]. Explicitly, as x→ 0, the metric (3.1) becomes
ds2 =
x2
R21
(−dt2 + dz2) +R21
dx2
x2
+R21dΩ
2
3 +H
′
5(y)
(
dy2 + y2dΩ′3
2)
, (3.6)
where we have set for simplicity H1 = H5. The resulting sigma model describes a curved
NS5-brane with worldvolume AdS3×S3 and defines an exact CFT. Applying S-duality, we
obtain the type IIB solution representing a curved D5-brane with worldvolume AdS3×S3
space. The associated metric is
ds2 = H ′5
−1/2
[
x2
R21
(−dt2 + dz2) +R21
dx2
x2
+R21dΩ
2
3
]
+H ′5
1/2(
dy2 + y2dΩ′3
2)
. (3.7)
which is supplemented with the obvious dilaton and RR 2-form backgrounds.
The above solution may have applications to the study of the decoupling limit of branes
wrapped on curved spaces. Other solutions can be constructed by applying T-duality along
isometric directions of AdS3 × S3.
3.2. D1-D5-D5 system with AdS3 × S3 × S3 ×R horizon geometry
Construction of another example requires to begin again with (3.1),(3.4) but now
choose H1 = H5 and H
′
1 = H
′
5 in which case R1 = R5 ≡ R and R′1 = R′5 ≡ R′, see also
[30]. Now we take the near-horizon limit y → 0. Rescaling the coordinates, the metric
becomes
ds2 = H−11
u2
R′2
(− dt2 + dz2)+R′2 du2
u2
+H1
(
dx2 + x2dΩ23
)
+R′
2
dΩ′3
2
. (3.8)
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Since the dilaton is constant, the S-dual metric describing a D1-D5-D5 system is the same
as (3.8). The corresponding RR 2-form field strength is given by (3.2).
The solution (3.8) interpolates between the two exact conformal models, as it is easy
to show. Indeed, as x → ∞, the metric approaches that of AdS3 × S3 ×R4. For x → 0,
the metric takes the form
ds2 =
u2u′
2
R2R′2
(−dt2 + dz2) +R2 du
2
u2
+R′
2 du′
2
u′2
+R2dΩ23 +R
′2dΩ′3
2
, (3.9)
where we have rescaled the coordinates. Introducing new variables Y and X by
u = R exp
[R0
R2
Y +
R0
RR′
X
]
, u′ = R′ exp
[ R0
R′2
Y − R0
RR′
X
]
,
1
R20
=
1
R2
+
1
R′2
,
we get
ds2 = e
2Y
R0 (−dt2 + dz2) + dY 2 + dX2 +R2dΩ23 +R′2dΩ′32 . (3.10)
This is a direct product of the 3-dimensional anti-de Sitter space of radius R0, the two
3-spheres with radii R and R′, respectively, and a real line (parametrized by X). String
theory on such space and its duality to 2-d superconformal theories was investigated in
[33]. Similar models like that of AdS3 × S3 × S3 × S1 were recently studied also in [34].
3.3. D3 brane wrapped over non-trivial 4d spaces
It is straightforward to find the solution representing a D3 brane “wrapped” over a
Ricci-flat space. In the ‘decoupling limit of [35], we obtain (R2 =
√
4πgsN , α
′ = 1)
ds2 =
r2
R2
gµν(x)dx
µdxν +R2
dr2
r2
+R2dΩ25 , (3.11)
with constant dilaton eφ = gs and R
g
µν = 0. The metric is of the form X5 × S5, where
X5 is an Einstein space having a Ricci flat four-manifold with metric gµν as a boundary.
Type IIB superstring theory on this background (3.11) should be dual to a N = 4 SU(N)
Yang-Mills theory on a four-dimensional manifold described by gµν [36].
2
Like the D5 brane, the D3 brane can be also wrapped over non-Ricci-flat spaces with
non-trivial 2-form field and/or dilaton. One particular example is obtained by taking the
parallel 4-d space to be the Nappi-Witten (NW) space. The resulting metric is then
ds210B = H
−1/2
[
dudv + dx21 + dx
2
2 + 2 cosudx1dx2
]
+H1/2
[
dr2 + r2dΩ25
]
.
2 If one is interested in calculating the gauge theory partition function, one can take the
longitudinal space to be some hyper-Kahler manifold, for which various properties of the instanton
moduli space are known. In particular, for certain ALE spaces, or K3, exact information is
available for any SU(N) [37]. The partition function Z could then be compared with the string
theory partition function on this background.
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where H = 1+R4/r4. It represents a monochromatic gravitational wave, which travels in a
direction parallel to the D3 brane (though it is not localized on the brane). A simple check
of consistency of this solution is to smear it in two transverse directions and to apply T-
duality along them. This gives a D5-brane solution wrapped over NW ×R2 space (which
is obviously a solution being S dual to direct product of NS 5-brane and the NW×R2
WZW model).
The D3-brane can also be wrapped over AdS3 ×R space with linear dilaton in the
spatial direction (upon smearing in the two transverse directions and U-duality the corre-
sponding NS model is the direct product of the NS 5-brane model with the SL(2)×R×R2
WZW model with linear dilaton along an isometric spatial direction). Similarly, the Eu-
clidean D3 brane may be wrapped over S3 ×R space with a linear dilaton along spatial
direction to make total central charge of the “longitudinal” theory equal to its standard
free-theory value. The metric and dilaton are given by
ds210B = H
−1/2
[
dz2 +R20dΩ
2
3
]
+H1/2
(
dr2 + r2dΩ′5
2)
, (3.12)
φ = R−10 z , H = 1 +
R4
r4
. (3.13)
Let us now construct a D3 brane wrapped over AdS2 × S2. This is related to the D5
brane wrapped on AdS3 × S3 by T-duality along isometric directions of AdS3 × S3, but
it can also be constructed directly from an exact conformal model as follows. We start
with the conformal σ-model representing the intersection of an NS 5-brane, a Kaluza-Klein
monopole (with Kaluza-Klein coordinate x2), a fundamental string, and a wave along the
string direction x1 [12]. The NS and KK 5-branes lie on the directions x1, x3, x4, x5, x6.
T-duality in x2 exchanges their charges. In four dimensions, this background leads to the
dyonic BPS black hole (which contains the Reissner-No¨rdstrom solution as a particular
case). Let us consider the case when all four charges are equal. The near-horizon geometry
is AdS2 × S2 ×R6, the AdS2 × S2 part of the space being described by the coordinates
x0, x7, x8, x9.
In order to incorporate a D3 brane wrapped on AdS2×S2, we start with this conformal
sigma model in the horizon limit AdS2 × S2 × R6. We add an NS 5-brane lying along
the space (x1, x2, x7, x8, x9). The transverse part of this extra brane is thus the flat space
(x3, x4, x5, x6), so that the resulting metric is given by
ds210B =
1
x27
(−dx20 +R2dx27) +R2dΩ22 + dx21 + dx22 +H(r)
[
dr2 + r2dΩ′3
2]
,
e2φ = H = 1 +
Q
r2
, r2 = x23 + x
2
4 + x
2
5 + x
2
6 .
Then we perform S-duality transformation, and T-duality transformations in the directions
x1, x2, which transform the extra NS5 brane into a D3 brane smeared in the directions
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(x1, x2), and the original brane configuration of [12] into a (near horizon) configuration rep-
resenting a D5 brane (lying on x2, x3, x4, x5, x6 ) and an NS5 brane (on x1, x3, x4, x5, x6 ),
a D1 brane (along x2) and a fundamental string (along x1). The resulting background is
given by
ds210B = H
−1/2(r)
[ 1
x27
(−dx20 +R2dx27) +R2dΩ22
]
+ H1/2(r)
[
dx21 + dx
2
2 + dr
2 + r2dΩ′3
2]
, (3.14)
H = 1 +
Q
r2
, F5 = Q(1 + ∗)(Ω′3 ∧ dx1 ∧ dx2) , eφ = gs , (3.15)
HNS3 =
1
R
dx0∧dx1 ∧dx7+R Ω2∧dx7 , HR3 =
1
R
dx0∧dx2 ∧dx7+R Ω2∧dx7 . (3.16)
3.4. D2-brane on S2
Many of the solutions that we have presented above contain the metric of an odd-
dimensional sphere S2n+1. In all such cases, one can use the Hopf fibration S1 → S2n+1 →
CPn and perform T-duality along S1 in a way similar to that of [38]. It turns out that
for D-brane backgrounds in the dual picture the Hopf fibration untwists and the sphere is
replaced by CPn.
For an application, let us consider the solution (3.12), (3.13). This is a euclidean D3
brane wrapped on S3. Next we use the Hopf fibration S1 → S3 → S2, CP 1 = S2, to
obtain a solution with the interpretation of a euclidean D2 brane wrapped on S2. The
metric and dilaton of this background is
ds210B = H
−1/2
[
dz2 +R20dΩ
2
2
]
+H1/2
(
dθ2 + dr2 + r2dΩ25
)
, (3.17)
e2φ = e2z/R0H1/2 .
The eleven-dimensional supergravity solution representing an M2 brane wrapped on S2 is
then constructed by applying the usual formula of dimensional reduction.
4. Solutions with 2-dimensional transverse space
Now we are going to consider a different class of NS-NS solutions which are determined
by functions which depend on two variables. Many examples of such solutions have the
interpretation of intersecting branes with a two-dimensional overall transverse space. We
can either curve the worldvolume directions of the branes involved in the intersection or the
overall transverse space. The investigation of the former case is similar to that presented in
the previous section and we shall not repeat the analysis. In the latter case we first remark
that any two-dimensional metric is conformal to the flat one and that in two dimensions
there is a freedom of defining harmonic function by adding the real part of a holomorphic
one. A product of these harmonic functions is the conformal coefficient of the overall
transverse space. As we shall see, making different choices for the harmonic functions,
we effectively curve the overall transverse space of the configuration. This phenomenon
is similar to what happens in the case of the cosmic string background [21]. In fact, we
shall find that one of our solutions reduces to that of the cosmic string. As a byproduct of
our analysis, we shall give two examples of Calabi-Yau metrics with holonomy SU(3) and
SU(4), respectively.
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4.1. Single “smeared” NS5-brane
Let us start with a NS5 brane solution smeared in two transverse dimensions. As we
have already mentioned, this is an exact conformal model just like the standard NS5 brane.
In particular, we smear the directions {ξa; a = 1, 2} = (x3, x4) and keep the dependence
of the solution on the coordinates {xi; i = 1, 2}. In such case, the NS-NS 3-form field
strength is
(dB)12i = ǫij∂jH , ∂
i∂iH = 0 . (4.1)
Next, we consider a holomorphic function H = H + iB of z = x1 + ix2 that solves
∂∂¯H = 0, ∂ = ∂/∂z. Then
∂iH = ǫij∂jB ,
and so the non-zero 2× 2 components of Bmn can be chosen as
Bab = ǫabB . (4.2)
The resulting NS5 brane sigma-model can be written as
L = −∂t∂¯t+ ∂yn∂¯yn + (Hδab +Bǫab)(x)∂ξa∂¯ξb +H(x)∂xi∂¯xi + 12R lnH(x) . (4.3)
Note that
(Hδab +Bǫab)(x)∂ξa∂¯ξb ≡ 12 [H(z)∂ξ∂¯ξ¯ + c.c.] ,
where ξ = ξ1+ iξ2. Since the torsion in two dimensions is trivial, i.e. adding Bij = ǫijB(x)
gives a total derivative which we can drop, we can write this in a complex form
L = −∂t∂¯t+ ∂yn∂¯yn + 12 [H(z)(∂ξ∂¯ξ¯ + ∂z∂¯z¯) + H¯(z)(∂ξ¯∂¯ξ + ∂z¯∂¯z)] + 12R lnH(x) . (4.4)
This background is related, via T-duality, to the D7 brane one [39], and, via compactifica-
tion – to cosmic string geometry of [21]. More specifically, T -duality along a spatial 5-brane
direction gives the IIB NS5 brane; S-duality and T-duality along ξa gives the D7-brane.
ξa are directions of 2-torus with trivial complex structure, and the background modulus
field is Eab = Hδab +Bǫab, or
ρ = ρ1 + iρ2 = B + i(detGab)
1/2 = −iH , e2φ = H = ρ2 .
T -duality along one of the ξa directions gives the corresponding smeared version of the KK
monopole:
L = −∂t∂¯t+ ∂yn∂¯yn +H−1(x)[∂ξ1 +B(x)∂ξ2][∂¯ξ1 +B(x)∂¯ξ2]
+ H(x)∂ξ2∂¯ξ2 +H(x)∂xi∂¯xi , (4.5)
or
L = −∂t∂¯t+ ∂yn∂¯yn +H−1(x)|∂ξ1 + τ(x)∂ξ2|2 +H(x)∂xi∂¯xi , (4.6)
where the modulus of the two-torus is τ = B+ iH = ρ. Compactifying to four dimensions,
this reduces indeed to the model of [21], i.e. T 2 ×R2.
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4.2. NS5-brane and KK monopole
One can also start with the conformal model describing NS5 brane + KK monopole
which is smeared in one transverse direction, say y = x3. Then we find that
L = −∂t∂¯t+ ∂yn∂¯yn +H1(x)H−12 (x)
[
∂z + a3(x)∂x3
][
∂¯z + a3(x)∂¯x3
]
+ H1(x)H2(x)(∂x3∂¯x3 + ∂xi∂¯xi) + b3(x)(∂z∂¯x3 − ∂¯z∂x3) +Rφ(x) , (4.7)
∂i∂iH1 = ∂i∂iH2 = 0 , ∂ib3 = ǫij∂jH1 , ∂ia3 = ǫij∂jH2 ,
where i = 1, 2 and we have made a natural special choice of the two-form gauge potential.
We can further identify b3 and a3 with the imaginary parts of the holomorphic functions
H1 and H2 that have H1 and H2 as their real parts.
This background is U-dual, in particular, to D6 + NS5 configuration with one isometric
direction, or to D7 + KK-monopole.
4.3. Intersecting NS5 branes
Let us now consider the solution of two NS5 branes intersecting on a 3-dimensional
space and localized only in the overall two transverse directions. The corresponding M-
theory solution is that of M5⊥M5 [8,9] smeared in the 11-th transverse direction. The
NS5-brane system is related, by an S-duality and a chain of two T-dualities, to a “D3-
brane on a D7-brane” configuration. This is 1/4 BPS state and the solution is given by
the harmonic function rule. The solution is smeared in all eight common directions and
depends only on the two overall transverse directions. The sigma model action for this
NS5-brane configuration is
L = −∂t∂¯t+ ∂ys∂¯ys + (Hδab +Bǫab)(x)∂ξa∂¯ξb
+ (H ′δab +B
′ǫab)(x)∂ηa∂¯ηb +H(x)H
′(x)∂xi∂¯xi +Rφ , (4.8)
where s = 1, 2, 3, a, b = 1, 2, i = 1, 2, and the dilaton is e2φ = H(x)H ′(x).
In general, H and H ′ are two arbitrary real functions that solve the 2-d Laplace
equation, while Bµν is determined by
(dB)ξ1ξ2i = ǫij∂iH , (dB
′)η1η2i = ǫij∂iH
′ . (4.9)
To put the action in the above simple local form we made the assumption that H and H ′
are real parts of the two holomorphic functions H,H′, and used the same considerations as
above for a single NS5-brane smeared in two directions (which is an obvious special case
H ′ = 1) to determine the antisymmetric tensor in terms of ImH = B and ImH′ = B′.
14
We remark that the 5NS⊥5NS solution with a different special choice of H and H ′ (such
that H + iH ′ is a holomorphic function) was considered in [40].
The resulting action has a remarkably simple structure
L = −∂t∂¯t+ ∂yn∂¯yn + 12
(
[H(z)∂ξ∂¯ξ¯ +H′(z)∂η∂¯η¯] + c.c.
)
+ 1
2
H(x)H ′(x)(∂z∂¯z¯ + c.c.) + 1
2
R ln[H(x)H ′(x)] , (4.10)
where z = x1 + ix2, η = η1 + iη2, ξ = ξ1 + iξ2 and n = 1, 2, 3.
3 A special choice is
H = Q ln z, H′ = Q′ ln z, so that H = 1
2
Q ln |z|2, B = 1
2
i ln(z/z¯), and similarly for B′.
The corresponding type II supergravity background, or the associated M-theory con-
figuration, preserves 1/4 of the spacetime supersymmetry. This can be seen using the
holonomy of the associated connections ∇(±). For this we introduce the complex struc-
tures I(dξ) = idξ, I(dη) = idη, I(dz) = idz and J(dξ) = idξ, J(dη) = idη, J(dz) = −idz.
These complex structures are integrable since they are constant. A direct computation re-
veals that∇(+)I = 0 and∇(−)J = 0 which implies that the holonomy of∇(±) is a subgroup
of U(3). In fact, it turns out that the holonomy of both connections is SU(3). Using this
one can conclude that the solution indeed preserves 1/4 of the supersymmetry. As a con-
sequence, the sigma model (4.10) admits a (2,2)-supersymmetric extension. This amount
of supersymmetry by itself is not, however, sufficient to prove that this sigma model is
finite to all orders in perturbation theory since the argument of [6] does not apply. It may
nevertheless be an exact CFT due to the simple form of the action.
Another consequence of the SU(3) holonomy is that these metrics are associated with
Calabi-Yau ones. In particular, let us T-dualize twice, once along the ξ and once along
the η coordinates. Using, the results in section (4.1), we find that
L = −∂t∂¯t+ ∂yn∂¯yn +H−1(x)|∂ξ1 + τ(x)∂ξ2|2
+ H ′−1(x)|∂η1 + τ ′(x)∂η2|2 +H(x)H ′(x)∂xi∂¯xi , (4.11)
where τ = −iH and τ ′ = −iH′. The non-trivial part of the sigma model action is associated
with a six-dimensional non-compact Calabi-Yau metric.
3 Compactified to 3 dimensions this background gives a black hole solution with several scalars
(cf. [41]).
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4.4. Three NS5 branes intersecting on a line
The metric of the supergravity solution of three NS5 branes pairwise intersecting on
three-dimensional spaces, and all – on a line, is
ds2 = −dt2 + dy2 +H1dξdξ¯ +H2dηdη¯ +H3dζdζ¯ +H1H2H3dzd¯z . (4.12)
Here ξ, η, ζ and z are complex coordinates and H1, H2, H3 are harmonic functions in the
overall transverse space spanned by (z, z¯). This solution may be viewed as a reduction of
M5 ⊥ M5 ⊥ M5 background in eleven dimensions [8,9]. Performing similar calculations
as in the previous cases, the sigma model action is found to be
L = −∂t∂¯t+ ∂y∂¯y + 12
(
[H1(z)∂ξ∂¯ξ¯ +H2(z)∂η∂¯η¯ +H3(z)∂ζ∂¯ζ¯] + c.c.
)
+ 1
2
H1(x)H2(x)H3(x)(∂z∂¯z¯ + c.c.) +
1
2
R ln[H1(x)H2(x)H3(x)] , (4.13)
where H1,H2,H3 are holomorphic functions of z. The above solution preserves 1/8 of the
spacetime supersymmetry, as can be seen by studying the holonomy of the connections
∇(±). In particular, the holonomy of both connections is SU(4). The corresponding
bosonic sigma model admits a (2,2)-supersymmetric extension which again is not enough
to establish that the model is conformal using the argument of [6].
As in the previous case, the above NS5-brane geometry is associated to an eight-
dimensional Calabi-Yau one. Indeed, using T-duality in three directions chosen in a way
similar to that of the previous example, we find
L = −∂t∂¯t+ ∂y∂¯y +H−11 (x)|∂ξ1 + τ1(x)∂ξ2|2
+H−12 (x)|∂η1 + τ2(x)∂η2|2 +H−13 (x)|∂ζ1 + τ3(x)∂ζ2|2
+H1(x)H2(x)H3(x)∂xi∂¯xi ,
(4.14)
where τ1 = −iH1, τ2 = −iH2 and τ3 = −iH3. The Calabi-Yau metric is given by the
non-trivial part of the sigma model action.
5. Conclusions
We have obtained brane solutions with a curved worldvolume by starting with confor-
mal two-dimensional sigma models describing the propagation of strings in NS-NS back-
grounds. The advantage of this method is the simplicity and transparency of the con-
struction of brane solutions. Many of the solutions that have already appeared in the
literature [24-27] can then be easily derived by dualities, without solving any differential
equations. One of the main points of the present discussion is that branes with a Ricci-flat
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worldvolume constitute only a special case of a more general class of configurations. The
worldvolume of a brane can be any suitable CFT, which may describe non-Ricci flat spaces
with non-constant dilaton and non-vanishing 2-form field strengths. In particular, we have
presented examples of the solutions representing branes wrapped over group spaces.
Further progress in constructing interesting curved brane solutions is related to the
undestanding of the back reaction of branes wrapped on homology cycles of compact spaces
in string and M-theory compactifications. It is clear from our results that apart from the
topological information about the cycles one also needs some geometrical data. In some
situations the geometry of the normal bundle of the cycle will also be relevant.4
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